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The flux and nuclear composition of ultra-high energy cosmic rays depend on the cosmic distri-
bution of their sources. Data from cosmic ray observatories are yet inconclusive about their exact
location or distribution, but provide a measure for the average local density of these emitters. Due
to the discreteness of the emitters the flux and nuclear composition is expected to show ensemble
fluctuations on top of the statistical variations, i.e. “cosmic variance”. This effect is strongest for
the most energetic cosmic rays due to the limited propagation distance in the cosmic radiation back-
ground and is hence a local phenomenon. For the statistical analysis of cosmic ray emission models
it is important to quantify the possible level of this variance. In this paper we present a completely
analytic method that describes the variation of the flux and nuclear composition with respect to the
local source density. We highlight that proposed future space-based observatories with exposures
of O(106 km2 sr yr) will attain sensitivity to observe these spectral fluctuations in the cosmic ray
energy spectrum at Earth relative to the overall power-law fit.
PACS numbers: 96.50.S-, 98.70.Sa, 13.85.Tp
I. INTRODUCTION
The diffuse spectrum of ultra-high energy (UHE) cos-
mic rays (CR) is expected to consist of a superposi-
tion of fluxes from many individual point-sources dis-
tributed throughout the Universe. The absence of sig-
nificant event clustering across the sky sets a lower limit
on the local source density or, equivalently, a lower limit
on the number of sources that effectively contribute to
the spectrum. Typically this number is very large and
the UHE CR spectrum is expected to reflect the aver-
age contribution of these sources. It is hence common
practice for theoretical studies to approximate the dis-
tribution of CR sources via a spatially homogeneous and
isotropic emission rate density that reproduces the aver-
age source spectrum. This treatment greatly simplifies
the study of UHE CRs and can reproduce various spec-
tral features from a simple power-law source spectrum.
The energy spectrum of cosmic rays follows a simple
power-law over many energy decades. Small variations
of the spectral index can be interpreted either as a tran-
sition between CR populations or as an imprint of CR
propagation effects. The ankle – a hardening of the spec-
trum at 1018.5 eV – could be formed naturally by the
superposition of two power-law fluxes and serves as a can-
didate of the transition between galactic heavy nuclei and
extra-galactic cosmic ray protons [1, 2]. It has also been
advocated that this feature could be well reproduced by a
proton-dominated power-law spectrum, where the ankle
is formed as a dip in the spectrum from the energy loss of
protons via Bethe-Heitler pair production [3, 4]. In this
case extra-galactic protons would already have started to
dominate the spectrum beyond the 2nd knee, a feature
which corresponds to a slight softening of the spectrum
at 1017.7 eV.
Proton-dominance beyond the ankle is ultimately lim-
ited by the onset of photopion production on the cosmic
microwave background (CMB), whereas dominance of a
heavy composition is restricted by nucleus photodisinte-
gration through the giant dipole resonance (GDR) [5, 6] –
the so called Greisen-Zatsepin-Kuz’min (GZK) suppres-
sion at around 1019.7 eV. Indeed, a flux suppression in
this energy region has been observed in the HiRes and
Auger data with a high statistical significance [7–9]. As
noted elsewhere [10, 11], secondary neutrinos and γ-rays
of these hadronic interactions can serve as additional dis-
criminators between various CR models.
In order to collect the elusive events above 1019.7 eV
(which present an integrated flux of less than 1 event per
km2 per steradian and per century) observatories with
large apertures and long exposure time are needed. To-
day, the leading role in CR is played by ground based
facilities that cover vast areas with particle detectors
overlooked by fluorescence telescopes. The largest is the
Pierre Auger Observatory, with a surface detector ar-
ray of 1600 water Cherenkov tanks covering 3000 km2,
which accumulates annually about 6 × 103 km2 sr yr of
exposure [12]. The more recently constructed Telescope
Array (TA) covers 700 km2 with 507 scintillator de-
tectors [13], which should accumulate annually about
1.4× 103 km2 sr yr of exposure.
In the near future, the JEM-EUSO mission will or-
bit the Earth on board the International Space Sta-
tion at an altitude of of about 400 km. Whilst in the
“nadir” mode, the remote-sensing space instrument (with
±30◦ field of view) will monitor an area of approximately
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21.3×105 km2, recording video clips of fast UV flashes by
sensing the fluorescence light produced through charged
particle interactions. This innovative pathfinder mission
will observe approximately 6×104 km2 sr yr annually [14],
a factor of 10 above Auger.
In this paper we elaborate on the question as to what
extent the spectral information in the GZK region can be
used to discriminate between different CR source compo-
sition models. Due to the strength of the GZK mecha-
nism the spectrum in this region is dominated by (and
requires the presence of) local sources [15]. In this case
the flux from a few CR sources can significantly fluc-
tuate from a homogeneous distribution that is typically
assumed in CR flux predictions [16–19]. In contrast to
Poisson fluctuations in the GZK region [20] the mani-
festations of ensemble fluctuations persist in the limit of
large event statistics. We will quantify these stochastic
fluctuations in the following utilizing an analytic solution
to the flux of CR nuclei derived in Refs. [21, 22].
We will start in Sec. II with a brief review of the prop-
agation of CR nuclei and the calculation of the mean
observed fluxes. In Sec. III these results will be used to
derive an analytic approximation of the flux and mean
mass variations due to the distribution of sources. We
summarize our findings in Sec. IV.
II. PROPAGATION OF COSMIC RAY NUCLEI
Since cosmic rays are subject to deflections in galac-
tic and inter-galactic magnetic fields the observed CR
events do not point directly back to their sources. The
identification of the CR sources is hence experimentally
challenging and has so far proved inconclusive. There is
a general consensus that the sources which are responsi-
ble of the UHE CR spectrum are of extra-galactic origin.
These sources are expected to follow a spatially homo-
geneous distribution and the mean (ensemble-averaged)
flux of UHE CRs (of type i) follows a set of (Boltzmann)
continuity equations of the form:
Y˙i = ∂E(HEYi) + ∂E(biYi)− Γtoti Yi
+
∑
j
∫
dEj γjiYj +HQi , (1)
together with the Friedman-Lemaˆıtre equations describ-
ing the cosmic expansion rate H(z) as a function of
red-shift z. We follow the usual cosmological concor-
dance model dominated by a cosmological constant with
ΩΛ ∼ 0.7 and a (cold) matter component, Ωm ∼ 0.3
where H2(z) = H20 [Ωm(1 + z)
3 + ΩΛ], normalized to its
value today of H0 ∼ 70 km s−1 Mpc−1 [23]. The time-
dependence of the red-shift can be expressed via dz =
−dt (1 + z)H. The first and second terms on the r.h.s. of
Eq. (1) describe, respectively, red-shift and other contin-
uous energy losses (CEL) with rate b ≡ dE/dt. The third
and fourth terms describe more general interactions in-
volving particle losses (i→ anything) with total interac-
tion rate Γtoti , and particle generation of the form j → i
with differential interaction rate γij . The last term on
the r.h.s. corresponds to the emission rate of CRs of type
i per co-moving volume, depending on the emission rate
Qi per source and their density H.
The two main reactions of UHE CR nuclei during their
cosmic evolution are photodisintegration [24–31] and
Bethe-Heitler pair production [32] with the cosmic ra-
diation background. In addition to the dominant contri-
bution of the CMB we also include the infra-red/optical
background from Ref. [33] in our calculation of interac-
tion and energy loss rates. Photodisintegration is domi-
nated by the GDR with main branches A→ (A− 1) +N
and A → (A − 2) + 2N where N indicates a proton or
neutron [25]. The GDR peak in the rest frame of the
nucleus lies at at about 20 MeV for one-nucleon emis-
sion, corresponding to EAGDR ' A × 2 × −1meV × 1019 eV
in the cosmic frame with photon energies  = meV meV.
At energies below 10 MeV there exist typically a num-
ber of discrete excitation levels that can become signif-
icant for low mass nuclei. Above 30 MeV, where the
photon wavelength becomes comparable or smaller than
the size of the nucleus, the photon interacts via substruc-
tures of the nucleus. Out of these the interaction with
quasi-deuterons is typically most dominant and forms a
plateau of the cross section up to the photopion produc-
tion threshold at ∼ 145 MeV. Bethe-Heitler pair produc-
tion can be treated as a continuous energy loss process
with rate bA(z, E) = Z
2bp(z, E/A), where bp is the en-
ergy loss rate of protons [32]. The (differential) photo-
disintegration rate ΓA→B(E) (γA→B(E,E′)) is discussed
in more detail in Ref. [22].
The evolution of the spectra proceeds very rapidly on
cosmic time scales and the diffuse flux of secondary nu-
clei, J , looks generally quite different from the initial
source injection spectrum [17]. The reaction network of
nuclei depend in general on a large number of stable or
long-lived isotopes. If the life-time of an isotope is much
shorter than its photodisintegration rate it can be effec-
tively replaced by its long-lived decay products in the
network (1). Typically, neutron-rich isotopes β-decay to
a stable or long-lived nucleus with the same mass num-
ber. In most cases there is only one stable nucleus per
mass number below 56Fe with the exception of the pairs
54Cr/54Fe, 46Ca/46Ti, 40Ar/40Ca and 36S/36Ar. We fol-
low here the approach of Puget, Stecker and Bredekamp
(PSB) [25] and consider only a single nucleus per mass
number A in the decay chain of primary iron 56Fe. This
PSB-chain of nuclei linked by one-nucleon losses is dis-
cussed in more detail in Ref. [22].
Note that the set of Boltzmann Eqs. (1) does not take
into account the deflection of charged CR nuclei dur-
ing their propagation through magnetic fields. Magnetic
scattering can be viewed as a diffusion process that de-
pends on the particle’s Larmor radius RL = E/(ZeB) '
31.1MpcEEeV/(ZBnG) and the coherence length of the
magnetic field. At energies where the diffusion length be-
comes larger than the distance to the nearest CR source
the CR spectrum is expected to be suppressed. It has
been speculated that for particularly strong inter-galactic
magnetic fields of strength ∼ 1 nG and coherence length
of ∼ 1 Mpc (see e.g. Ref. [34]), the diffusive propagation
of CR protons can start to affect the spectrum below
about 1018 eV [35]. For heavier nuclei diffusive propa-
gation can in principle remain important up to higher
energies due to the dependence RL ∝ 1/Z [36]. The re-
sults of this paper assume that the contribution of inter-
galactic or galactic magnetic fields can be neglected for
the calculation of the UHE CR spectrum.
As an example we show in Fig. 1 the solution of Eq. (1)
for an iron source model using a power-law spectral emis-
sion rate QFe ∝ E−γ exp(−E/Emax) with γ = 2 and
Emax = 10
21 eV. This model is motivated by a previous
study [15] and reproduces the Auger data above the ankle
within systematic uncertainties. The dashed black line
corresponds to source contributions above rmin = 10 Mpc
extending up to redshift zmax = 2 where no red-shift evo-
lution of the emission is assumed, i.e. H ∝ 1. The solid
black line marks the local contribution up to 1 Gpc cal-
culated with the same method. This local contribution
where red-shift scaling of energies and interaction rates is
suppressed can be approximated by an analytic solution
which is shown as the green solid line in the plot. We
will discuss this method in the next section.
III. ENSEMBLE AVERAGE AND VARIATION
Photodisintegration and photopion interactions of nu-
clei happen on timescales much shorter than the Hubble
scale. Since we are interested in the variation of the av-
erage flux and mass composition from the distribution of
local CR sources we will neglect redshift scalings in the
following. In this case the Green’s function of the Boltz-
mann equations (1) can be expressed in a simple analytic
form, as discussed in Refs. [21, 22].
It is convenient to study the flux of nuclei with mass
number A in terms of the energy per nucleon ε = E/A
that is conserved under photodisintegration. Introduc-
ing the CR flux FA,i ≡ ∆εiAdFA(Aεi)/dE per nu-
cleon energy bin i with bin-width ∆εi (centered at a nu-
cleon energy εi) and corresponding emission rates QA,i ≡
∆εiAQA(Aεi) we find an analytic solution of the form
FA,i(r) '
∑
c
nc∑
k=1
Ak(c)e
−rΓtotck
4pir2
Qc1 . (2)
The sum on the r.h.s. runs over all possible production
paths c of a CR nucleus with final mass number A and
nucleon energy bin i. Each of the nc elements ck of the
path c consists of a doublet (B, j) denoting the mass
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FIG. 1: The spectra from pure iron sources with exponen-
tial cutoff Emax = 10
12 GeV and power index γ = 2. The
upper solid (green) line shows the result of the analytic ap-
proximation (9) for a homogeneous distribution of sources
rmin < r < rmax with rmin = 10 Mpc and rmax = 1 Gpc.
The lower solid (black) line is the corresponding numerical
calculation based on Eqs. (1) including redshift scaling of in-
teraction rates and energies. The relative difference between
these calculations can be traced back to the onset of redshift
scaling for propagation distances of the order of Gpc (see main
text). The dashed black line shows a model including sources
up to zmax = 2. Also shown is recent data from HiRes [7],
Auger [9] and the Telescope Array (TA) [37].
number B and nucleon energy bin j of intermediate nu-
clei. The first element c1 of the paths corresponds to
the nucleus emitted from a source at a rate Qc1 (possi-
bly equal to zero depending on source composition) and
the last element is fixed at cnc = (A, i). Each path is
weighted by a set of nc dimensionless amplitudes Ak(c)
that are independent of the source distance r. For more
details we refer to Ref. [22] and Appendix A.
We now want to study the statistical mean and varia-
tion of the aggregated flux of ns local CR sources denoted
by
NA,i ≡
ns∑
s=1
FA,i(rs) , (3)
as well as its corresponding mass composition. Herein we
assume that the probability distribution function (PDF)
for local (r/H0  1) sources is flat in Euclidean space.
Let ns sources be distributed between redshift rmin and
rmax. The number of sources can then be expressed via
the (local) source density H0 as ns = H0(4pi/3)(r3max −
4r3min). The PDF of a single source is then given by
p(r) =
H0
ns
4pir2Θ(r − rmin)Θ(rmax − r) . (4)
Note that the local density H0 is limited by auto-
correlation studies of UHE CR events; the lower H0 the
larger the average emission rate of the sources and the
greater the chance of local event clusters across the sky.
A local source density of H0 = 10−5 Mpc−3 is consis-
tent with the absence of “repeaters” in CR data [38, 39].
Values as low as H0 = 10−6 Mpc−3 are still marginally
consistent with auto-correlation studies of UHE CR nu-
clei [40]. We will consider these two cases as fiducial
values in the following.
Following Ref. [41] the ensemble-average of a quan-
tity X(r1, . . . , rns) depending on the distance of the ns
sources can then be expressed as
〈X〉 =
∫
dr1 · . . . · drnsp(r1) · . . . · p(rns)X . (5)
The ensemble-average of the local flux of CR nuclei using
Eqs. (3) and (2) is then simply
〈NA,i〉 ≡ H0
rmax∫
rmin
dr′4pir′2FA,i(r′) . (6)
Using the abbreviation (A4) we can then write this in an
analytic form as
〈NA,i〉 =
∑
c
nc∑
k=1
Ak(c)ξ(Γtotck )Qc1 , (7)
where we define
ξ(Γ) ≡ H0
Γ
(
e−rminΓ − e−rmaxΓ) . (8)
From the experimental point of view the interesting
quantities are the ensemble-averaged total flux of nuclei
Ntot and mean mass number Aav at the highest CR en-
ergies E. The mean total flux is simply given by Eq. (7)
as1
〈Ntot(E)〉 ≡
∑
A
〈NA(E/A)〉 . (9)
We now return to the example of an iron source model
shown in Fig. 1. The solid green line in Fig. 1 shows
the result of the analytic approximation (7). This ap-
proximation agrees with the numerical result (solid black
line) within a factor two or better depending on the en-
ergy. The relative difference is expected from the onset
1 Here and in the following NA(E/A) is a short-hand notation for
NA,i with εi = E/A.
of redshift scaling for propagation distances of the or-
der of Gpc (z ' 1/4). At low energies this introduces a
relative upward shift of the flux of ' 30% for a source
model with γ = 2 and H ∝ 1. This agrees well with the
result of the calculations. In addition, threshold effects
that lead to breaks in the spectrum scale with redshift as
Eth ∝ 1/(1 + z)2 and are shifted to lower energies by up
to ' 50%. This effect can also be noticed by the relative
position of the break in Fig. 1.
This example illustrates the limitations of the ana-
lytic solution for the calculation of large scale (early-
time) contributions to the CR flux. However, the an-
alytic approximation provides a convenient description
of the nuclei cascades that happen on small scales and
depend on the local source distribution. In particular,
it enables us to study ensemble-variations of the flux.
Defining the residual δX = X − 〈X〉, etc., we have as
usual 〈δXδY 〉 = 〈XY 〉 − 〈X〉〈Y 〉. Using Eqs. (2) and
(3) we can then write the variation of the CR flux in an
explicit analytic form as
〈δNA,iδNB,j〉
=
∑
c,c¯
nc∑
k=1
nc¯∑
k¯=1
Ak(c)Ak¯(c¯)ζ(Γtotck + Γtotc¯k¯ )Qc1Qc¯1
− 1
ns
〈NA,i〉〈NB,j〉 , (10)
where ζ is defined as the expression
ζ(Γ) ≡ H0
rmax∫
rmin
dr
e−rΓ
4pir2
. (11)
Note that the last term in Eq. (10) is sometimes omitted
since the number of sources ns is expected to be large, but
we keep it in our calculations. Based on these definitions
we can express the relative variation of the total flux via
the two-point density perturbations (10) as
σ2loc(E) =
∑
A,B
〈δNA(E/A)δNB(E/B)〉
〈Ntot(E)〉2 . (12)
With Eq. (9) we can also define the mean mass number
as
〈Aav(E)〉 ≡
∑
A
A
〈NA(E/A)〉
〈Ntot(E)〉 . (13)
Note that Eq. (13) is in the strict sense not the ensemble-
average but serves as a first order estimator. For small
fluctuations around the mean value we can approximate
the relative variation of the mean mass number (13) via
the two-point correlation function (10) as
σ2mass(E) '
∑
B,C
〈δNB(E/B)δNC(E/C)〉
〈Ntot(E)〉2
×
(
1− B〈Aav(E)〉
)(
1− C〈Aav(E)〉
)
. (14)
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FIG. 3: The local relative error of the flux (Eq. (16); upper plots in red) and average mass composition (Eq. (18); lower plots
in blue) for a distribution of iron sources with the model parameters indicated above the plots. The green line in the left
plots indicate the corresponding relative error for the model shown in Fig. 1. All calculations assume a local source density of
H0 = 10 5 Mpc 3 and scale as H 1/20 .
FIG. 2: The local relative error of the flux (Eq. (12); left plots in red) and average mass composition (Eq. (14); right plots in
blue) for a distribution of iron sources with the model parameters indicated above the plots. We show contour plots in terms
of the observed CR energy E of the iron nucleus and the exponential cutoff Emax of the emission. The solid (green) line in the
top plots indicate the corresponding relative error for the model shown in Fig. 1. All calculations assume a local source density
of H0 = 10−5 Mpc−3 and scale as H−1/20 .
6In Figure 2 we show contour plots of the relative error
of the flux (red; left plots) and mass composition (blue;
right plots) for the case of iron sources with different
model parameters indicated above the plots. The axes
show the observed CR energy vs. the exponential cutoff
energy Emax. For the calculation we introduced logarith-
mic energy bins of ∆ log10E/GeV = 0.02 and smoothed
the result with a Gaussian kernel to account for an ex-
perimental resolution of 0.1. This procedure smoothes
out features in the relative variance that are beyond the
experimental resolution and result from the rapid nuclei
transitions in the GZK region in combination with the
relative CR energy shift with the mass of the daughter
nuclei.
The results do not strongly depend on the spectral
index as can be seen for the cases γ = 2 and γ = 3
with otherwise equal parameters that are shown in the
plots of the first two rows. This set of plots assumes
a local distribution between 10 Mpc and 1 Gpc. The
relative errors are significantly reduced as we increase
the distance to the closest source to 100 Mpc as shown
in the plots of the last row in Fig. 2. However, this is
only marginally reproducing the UHE CR spectrum as
pointed out in Ref. [15]. Note that the green lines in the
plots of the top row mark the contribution for the iron
source model with Emax = 10
21 eV considered in Fig. 1.
One can also notice from the lower plots of Fig. 2
that the relative error of the average mass composition
is below 1% for CR energies below 1019.5 eV. This en-
ergy marks the end of the energy region where CR event
statistics allow an inference of the mass composition from
CR data. Note that all the plots in Fig. 2 show the
case of a local source density of H0 = 10−5 Mpc−3
and levels increase as H−1/20 . Hence, even for a density
H0 = 10−6 Mpc−3, still marginally consistent with the
data, the ensemble fluctuation on the average mass com-
position probed by present generation experiments may
be safely neglected.
So far we have considered the case that Γ/H0  1 valid
at the highest CR energies where we can neglect cosmo-
logical contributions of the sources and treat the problem
as effectively local. In the opposite case, Γ/H0  1, it is
also possible to give an analytic expression of the statisti-
cal variation of the CR flux. We assume that ns sources
are isotropically distributed between redshift zmin and
zmax with comoving density H(z), and local density H0.
The number of sources is then given by
ns =
∫
dz
dV
dz
H(z) =
∫
dz
H(z)
4pid2C(z)H(z) (15)
where the comoving volume is VC(z) = (4pi/3)d3C(z)
with comoving distance (in a flat universe) dC(z) =∫ z
0
dz′/H(z′). The PDF of a single source as a function
of redshift is then a simple generalization of Eq. (4),
p(z) =
1
H(z)
H(z)
ns
4pid2C(z) . (16)
n zmin zmax γ ns [10
6]
√
σ2adi [%]
0 0.01 2 2 5.3 0.65
3 0.01 2 2 73 0.15
0 0.1 2 2 5.3 0.17
3 0.1 2 2 73 0.04
0 0.01 2 2.5 5.3 0.76
3 0.01 2 2.5 73 0.20
0 0.25 2 2 5.2 0.09
3 0.25 2 2 73 0.02
SFR (zmin = 0.01) 2 173 0.14
SFR (zmin = 0.01) 2.5 173 0.19
TABLE I: Estimated source number and adiabatic variation
defined in Eqs. (15) and (17). We show results for a power-
law cosmological evolution as H = H0(1 + z)n with zmin <
z < zmax and for the star formation rate (SFR) according to
Ref. [42, 43] (with cutoff zmin = 0.01). In all cases we assume
a local density of H0 = 10−5 Mpc−3.
As long as only adiabatic redshift scaling is involved the
flux of a single source is given by dF/dE = Q((1 +
z)E)/(4pid2C). Assuming Q(E) ∝ E−γ we then obtain
a relative variation of
σ2adi =
∫
dz p(z)
[
(1 + z)−γ/d2C(z)
]2[∫
dz p(z)(1 + z)−γ/d2C(z)
]2 − 1ns . (17)
We show values for ns and (σ
2
adi)
1/2 in Table I. Obviously,
the statistical variation of the average mass number is
negligible in this regime.
The two limiting behaviors of the relative flux variation
(12) and (17) motivates the following treatment of the
overall relative flux variation. Using the numerical result
of the set of Boltzmann Eqs. (1) we can calculate the
average flux for the local (r . 1 Gpc), and global source
distribution. This corresponds to the solid and dashed
lines, respectively, in Fig. 1. The flux variation can then
be approximated via the superposition
σ2N (E) ' (1− x)2σ2adi + x2σ2loc(E) , (18)
where σ2loc is calculated from the analytic approxima-
tion (12), σ2adi the adiabatic limit (17) for rmin ' 1 Gpc
(zmin ' 0.25) and x = 〈Nloc(E)〉/〈Nglobal(E)〉 from the
numerical evaluation.
In the left plot of Fig. 3 we show the result of this
procedure for the previous example of iron sources shown
in Fig. 1. The solid line (corresponding to the dashed line
in Fig. 1) shows the contribution from the cosmological
distribution of iron sources. The shaded areas show the
flux within its variation based on Eq. (18) for a local
source density H0 = 10−5 Mpc−3 (dark gray) and H0 =
10−6 Mpc−3 (light gray). Note that the relative size of
the error bands increases as H−1/20 .
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FIG. 3: Left panel: The example of Fig. 1 including the approximate variation of the flux assuming a local source distribution
H0 = 10−5 Mpc−3 (dark gray band) and H0 = 10−6 Mpc−3 (light gray band). Right panel: For comparison, a proton model
with similar source parameters.
The right plot of Fig. 3 shows the corresponding result
of a proton source model with similar source parameters.
The amplitude of the ensemble fluctuation is compara-
ble to the case of iron and does not serve as a direct
measure of the source composition. However, the spec-
tral feature of the GZK-suppression is significantly dif-
ferent to the case of the iron model. In particular, the
iron source model experiences a much steeper suppres-
sion at the upper end of the UHE CR spectrum. This
poses a challenge to account for the most extreme UHE
events like the 3×1020 eV Fly’s Eye event [44], if sources
are too distant [15]. Candidate nearby sources of heavy
nuclei include starburst galaxies [45] and ultra-fast spin-
ning newly-born pulsars [46, 47]. Our method provides
a tool to distinguish ensemble fluctuations from spectral
features of the the average source contribution on a sta-
tistical basis.
Proposed future space-based CR observatories can
reach integrated exposures of O(106 km2 sr yr) [48]. This
is a factor of about 100 larger than the integrated expo-
sure reached by present ground-based air shower arrays.
The statistical error of UHE CR measurements can thus
be improved by a factor 10. With such a resolution the
observed UHE CR spectrum can show a significant de-
viation from the ensemble mean due to the discreteness
of close-by source contributions. For instance, the spec-
trum could exhibit “spectral wiggles” beyond the GZK
suppression. Our method describes a way to quantify the
bin-to-bin amplitude of these modulations for the case of
a ultra-high energy cosmic ray nuclei.
IV. CONCLUSIONS
In this paper we have studied the ensemble fluctua-
tions of the mean flux and average mass number of UHE
CR nuclei from the distribution of sources. We have de-
rived an analytic expression for the relative errors which
applies to the CR data at the highest energies dominated
by the local sub-Gpc (low redshift) source distribution.
For lower energies another analytic approximation can
be derived through the use of adiabatic scaling of the
source contributions. This method can be easily general-
ized to the case of ensemble fluctuations due to the source
emission parameters such as the spectral index and the
maximal energy.
As an illustration, we applied these results to a fidu-
cial iron source model for which a homogeneous distribu-
tion of sources had previously been found to successfully
reproduce the CR data within systematic uncertainties.
For the case of a local source density H0 = 10−5 Mpc−3,
the resultant ensemble fluctuations of the average mass
composition on top of the ensemble mean were found to
exist at a tolerable level for the analysis of present gen-
eration CR composition data below 1019.5 eV (see right
panels of Fig.2).
The relative ensemble fluctuation around the mean flux
increases with energy and rises above the level of 10% at
about 1019.8 eV (see left panels in Fig. 2 and left plot
in Fig.3). This flux variation is beyond the sensitivity of
present day CR observatories as indicated by the range
of the dark gray shaded bands in Fig. 3 in comparison
to the statistical errors of CR data. The amplitude of
8the flux variation is similar in the case of proton models
as shown in the right plot of Fig. 3. However, the level
of ensemble fluctuations for present generation spectral
studies of the GZK suppression are potentially not ignor-
able if a smaller source density of H0 = 10−6 Mpc−3 is
assumed, which still remains marginally consistent with
angular correlation studies assuming heavy nuclei. This
is shown as the light gray shaded bands in Fig. 3.
Unless the actual source densities are much larger
than those considered here, next generation experiments
reaching accumulated exposures of O(106 km2 sr yr)
should be sufficiently sensitive to potentially discern
these fluctuations. For instance, the surface detector
array of the Auger Observatory observed 25 events be-
tween 1019.8 eV to 1019.9 eV with an integrated expo-
sure of 20, 905 km2 sr yr [49]. With an almost fifty
times larger integrated exposure of future observatories
the relative Poisson error at this energy should drop be-
low 3% and hence would be smaller than the ensem-
ble fluctuation,
√
σ2loc & 0.1, even for a local density
of H0 = 10−5 Mpc−3, see Fig. 2.
We have seen that ensemble fluctuations of the UHE
CR spectrum increase as we decrease the minimal dis-
tance rmin to the extra-galactic source population, while
keeping the local source density constant. This behavior
is of course expected since the relative abundance of lo-
cal sources is small ∝ 4pir2 and hence more susceptible
for fluctuation, but with a higher flux weight ∝ 1/(4pir2)
compared to more distant populations. In fact, the en-
semble variance formally diverges at all energies as we
set rmin = 0. This is a well-known effect in studies of
galactic ensemble fluctuations [50, 51]. The minimal dis-
tance rmin hence serves here as a regulator. Even for a
moderate minimal distance of 10Mpc and a source den-
sity of 10−5 Mpc−3 the ensemble fluctuation can reach
large values σ2loc  1 in the GZK region as indicated in
the left column of Fig. 2. This is an indication that very
few or just one local source can entirely dominate the
spectrum at these energies.
Some authors have considered even the extreme case
that a local source like the radio galaxy Centaurus A at a
distance of 3-4 Mpc can be responsible for the entire UHE
CR spectrum above the ankle [52]. We have checked that
for rmin = 3 and H0 = 10−5 Mpc−3 the ensemble fluctu-
ation below 1019 eV are less than 10% and this particular
ensemble realization of extra-galactic sources to appear
by chance is hence unlikely within our setup. In addition,
the missing anisotropy of UHE CR events challenges this
interpretation. Possible caveats to this result could be
large ensemble-fluctuations of intrinsic source properties
that have been omitted in this study (but could easily
be included) and/or strong deflections in inter-galactic
magnetic fields [53, 54] (see further below).
All calculations in this study consider the continuous
and isotropic emission of CR sources. However, it is
easy to extend the discussion for the case of episodal or
anisotropic emission. If ∆tsrc is the typical timescale of
the source emission and Texp the total experimental ob-
servation time we can define an effective local source den-
sity as H′0 = (Texp/∆tsrc)H0. This compensates the re-
duced continuous-equivalent emission rate (∆tsrc/Texp)Q
of the single sources averaged over the duration of the ex-
periment. Note that the emission rate density HQ that
is fixed by the observed CR spectrum is independent of
this rescaling. An analogous argument can be given for
an anisotropic CR emitter with a preferred local (but not
global) emission direction. This applies to jet-like source
emission like in blazars or gamma-ray bursts. If the emis-
sion is concentrated in a cone ∆Ωsrc we can again define a
reduced effective local density H′0 = (∆Ωsrc/4pi)H0 that
compensates the enhanced isotropic-equivalent emission
rate (4pi/∆Ωsrc)Q.
We can hence account for time-variable or anisotropic
sources by rescaling the local source density. These two
effects work in opposite directions. Time variability in-
creases the number of sources contributing to the spec-
trum and lowers the amplitude of the ensemble fluctu-
ation by
√
Tobs/∆tsrc. On the other hand, anisotropy
decreases the source number and increases the fluctua-
tion by
√
4pi/∆Ωsrc. Note, however, that autocorrelation
studies of UHE CR constrain the number of sources and
limit the effective source density H′0. Hence, the lower
limit of 10−6 − 10−5 Mpc−3 used in this analysis does
still apply.
In this context it is interesting to consider the effect
of magnetic fields on the propagation of UHE CRs. This
has been so far neglected in this study. As mentioned
before, a magnetic field (regular or turbulent) has no ef-
fect on a spatially homogeneous distribution of sources.
However, we break homogeneity by introducing a mini-
mal distance rmin in our calculation. It was shown for
the case of protons sources that diffusion in intergalac-
tic magnetic fields can have a significant effect on the
extra-galactic CR spectrum at lower energies. The lim-
ited distance to the closest source introduces a low energy
suppression, sometimes called “anti-GZK-cutoff” [35]. In
this case, ensemble-fluctuations at the low energies close
the CR ankle can increase dramatically beyond the adi-
abatic value (17) considered in this paper.
On top of these spectral variations there is also an
effect on the the effective source density H′0. With mag-
netic diffusion the time-scale ∆tsrc and emission cone
∆Ωsrc are expected to disperse. Eventually, for strong
diffusion the effective local density H′0 is simply the true
density H0. Since the diffusion coefficient does in gen-
eral depend on the rigidity of the CR nuclei this effect
would introduce an additional energy dependence of the
variation.
In conclusion, future space-based observatories with
colossal exposures, O(106 km2 sr yr), will provide the re-
quired large statistics at the high-energy end of the CR
spectrum, allowing identification of ensemble fluctuation
9from the GZK suppression features on a statistical basis.
In combination with information on the arrival-direction
distribution of CRs and on the secondary fluxes of γ-rays
and neutrinos these spectral features can provide a coher-
ent picture for an indirect determination of the UHE CR
nuclear composition [55] and will naturally complement
the current direct measurements of extensive air shower
observables.
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Appendix A: Analytic Solution for Point-Sources
The Boltzmann equations (1) describe the time-
evolution of an isotropic flux of CRs from a homogenous
distribution of isotropic CR emitters. In the following
we want to study the contribution of a single close-by
(r/H0  1) source that is continuously emitting CR nu-
clei. As a first step we can hence neglect the redshift loss
term ∂E(HEY ) in Eqs. (1) and regard Y as the local den-
sity of CR particles. For the case of an inhomogeneous
distribution of sources we have to add a CR convection
term in Eqs. (1), that replaces the time-derivative for
continuous emission. Since we are not interested in the
direction of the source we can imagine sitting at a center
of a sphere with radius r? with surface emission rate spec-
trum QA(E)/(4pir2?) [56]. The convection term in this
spherically symmetric setup reduces then to ∂r(r
2Y )/r2.
The secondary nuclei produced via photodisintegration
carry approximately the same Lorentz factor as the initial
nucleus. As already discussed in Section III it is hence
convenient to express the energy of a nucleus with mass
number A as Aε where ε denotes the energy per nucleon.
The differential interaction rate in the set of Eqs. (1)
corresponding to the production of a nucleus with mass
number B and energy E′ from a nucleus with mass num-
ber A > B and energy E > E′ can be approximated as
energy bin i
m
as
s
n
u
m
b
er
A
∆i = 1
∆
A
=
1
FIG. 4: A possible transition chain c between an initial con-
figuration (blue dot) and a final configuration (magenta dot)
including one-nucleon losses (red solid arrows), two-nucleon
losses (red dotted arrows) and continuous energy loss (green
horizontal arrows). For the exact analytic solution (2) all
possible transition chains of this type are taken into account.
(Figure adopted from Ref. [22].)
γA→B(E,E′) ' ΓA→B(E)δ(E′ − (B/A)E) where ΓA→B
is the partial width of the transition.
Finally, introducing the binned CR flux FA,i ≡
∆εiAdFA(Aεi)/dE, and corresponding emission rates,
QA,i ≡ ∆εiAQA(Aεi) we can describe the point-source
flux as a solution of the compact set of equations
1
r2
∂r(r
2FA,i) ' δ(r − r?)QA,i
4pir2
−
∑
B<A
Γ(A,i)→(B,i)FA,i +
∑
B>A
Γ(B,i)→(A,i)FB,i
+ ΓCELA,i+1FA,i+1 − ΓCELA,i FA,i , (A1)
where we define the rates:
ΓCELA,i ≡
bA(Aεi)
A∆εi
, (A2)
Γ(A,i)→(B,i) ≡ ΓA→B(Aεi) . (A3)
Note that Eqs. (A1) holds for nuclei heavier than beryl-
lium. We can easily compensate for the process 9Be
→ 4He + 4He + n of the PSB chain by re-defining
F ′A,i = FA,i/2 for A = 2, 3, 4 and F
′
A,i = FA,i for other
nuclei. Similarly, the chains with nucleons as a final par-
ticle are re-weighted by the corresponding multiplicity
in the case of intermediate nuclei lighter than 9Be (see
Ref. [22] for further details).
In Ref. [22] it was shown that the general solution of
Eq. (A1) can be written in the form of Eq. (2). The
first sum in Eq. (2) runs over all possible production
chains c of nuclei with mass A in the nucleon energy
bin i. The intermediate configurations ck of this chain
are parametrized by the tuple (B, j) denoting the mass
number B and nucleon energy bin j. The links of the
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chain correspond to the partial width Γck→ck+1 . The di-
mensionless amplitudes in Eq. (2) are defined as
Ak(c) ≡
nc−1∏
l=1
Γcl→cl+1
/ nc∏
p=1(6=k)
(
Γtotcp − Γtotck
)
. (A4)
The total width Γtotck is simply the total rate including
photo-disintegration and CEL terms. These amplitudes
satisfy the identity
∑
kAk(c) = 0 independent of the
path c (see Refs. [21, 22]).
An example of a chain is shown in Fig. 4. The ele-
ments ck of the chain correspond to intermediate config-
urations of mass number and energy bin on a grid. The
first element c1 (blue dot) corresponds to the CR parti-
cle emitted at the source; the last element cnc (magenta
dot) is the observed (final) configuration (A, i). The ex-
ample shows one-nucleon disintegration (solid red line),
two-nucleon disintegration (dashed red line) and contin-
uous energy loss (green lines).
In general, the number of possible paths is quite large
and the computation of Eq. (2) numerically expensive.
For the calculation in this study we have applied two
more approximations to the solution (2) to reduce the
number of terms. Firstly, we reduced the CEL (last two
terms on the r.h.s. of Eq. (A1)) to the effective loss term
ΓCELA,i+1FA,i+1 − ΓCELA,i FA,i → −
bA(Aεi)
Aεi
FA,i . (A5)
This introduces a relative error of the order
∂E(bEF )/(bF ), which is small in the relevant en-
ergy region of 1018 − 1019 eV. And, secondly, we
considered only the one-nucleon loss chain of the PSB
approximation. It was shown in Refs. [21, 22] that this
is a good approximation for CR nuclei with a large mass
number, which is the focus of this analysis.
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